In the dual-polarized radar system, the horizontally and vertically polarized signals can be exploited to improve the direction of arrival (DOA) estimation performance. In this paper, the DOA estimation problem is considered in the dual-polarized radar. By exploiting the target sparsity in the spatial domain, the sparse-based method is proposed after formulating the DOA estimation problem as a sparse reconstruction problem. In the traditionally sparse methods using the compressed sensing (CS) theory, the spatial domain is discretized into grids to establish a dictionary matrix and solve the sparse reconstruction problem, but the off-grid error is introduced in the discretized grids. Therefore, we formulate a novel definition of atomic norm for the dual-polarized signals and give an atomic norm-based method to denoise the received signals. Then, an efficient semidefinite program (SDP) is derived, and the DOA is estimated by searching the peak values of the denoised signals. Simulation results show that the proposed method can significantly improve the DOA estimation performance in the dual-polarized radar. Additionally, compared with the state-of-art methods, the proposed method has better estimation performance with relatively low computational complexity.
Introduction
The direction of arrival (DOA) estimation problem has been studied in applications including wireless communication, radar, and sonar and array signal processing [1] [2] [3] . Usually, the discrete Fourier transform (DFT) method is used and formulates the DOA estimation problem as a spatial sampling reconstruction problem [4] [5] [6] [7] . However, the resolution of traditional methods is limited by the Rayleigh criterion [8, 9] . To achieve a better estimation performance than the Rayleigh criterion, super-resolution methods have been proposed. The most important super-resolution methods are subspace-based methods, including the multiple signal classification (MUSIC) method [10] and the estimating signal parameters via rotational invariance techniques (ESPRIT) method [11] . Since then, extension algorithms based on the MUSIC and ESPRIT methods have been proposed in more recent papers, such as the Root-MUSIC method [12] , space-time MUSIC method [13] , G-MUSIC method [14] , higher-order ESPRIT and virtual ESPRIT [15] , etc. In the subspace-based methods, the signal and noise subspaces are estimated from the covariance of received signals, so multiple measurements are needed to obtain the corresponding covariance matrix. However, for the fast moving target, multiple measurements cannot be obtained, so the subspace-based methods cannot be used in this scenario.
To improve the DOA estimation performance, the target sparsity in the spatial domain can also be exploited [16] . Therefore, the sparse-based methods, especially the compressed sensing (CS)-based methods [17] [18] [19] [20] , were proposed to transform the DOA estimation problem into a sparse reconstruction problem. In multiple-input and multiple-output (MIMO) radar systems, a CS-based DOA estimation method was proposed in [18, 21] . Additionally, in [22] , a compressed sparse array scheme was proposed.
The spatial domain is discretized into grids to obtain a dictionary matrix, and the DOA estimation problem is formulated as a sparse reconstruction problem. However, the targets can be not exactly at the discretized angles, so the discretized angles introduce the off-grid. Some off-grid methods have been proposed to solve the off-grid problem [23, 24] . For example, reference [25] considered the structured dictionary mismatch and gave a sparse reconstruction method with off-grid. A sparse Bayesian inference was given in [26] with the off-grid consideration. Moreover, an iterative reweighted method estimated the off-grid and sparse signals jointly in [27] . Many papers have studied the off-grid problem. For example, in [28] , the mismatch problem-including the sampling jitter in A/D conversion and model errors-was investigated and the perturbed orthogonal matching pursuit method was proposed. In [29] , a new parameter-refined orthogonal matching pursuit (OMP) method was proposed to jointly estimate the off-grid positions and reflectivities of true scatterers. A new OMP-based sparse reconstruction method with parameter perturbation, named as PPOMP, was proposed in [30] , in the delay-Doppler radar with the off-grid error. Additionally, in [31] , a new image-focusing algorithm was given for sparsity-driven radar to image the rotating targets, and also to consider the off-grid scatterers. Moreover, in [23] , the atomic norm-theory is formulated for the sparse reconstruction in the compressed sensing problem, which inspires us to address the DOA estimation problem using the atomic norm theory. However, different from the method in [23] , we formulate a new type of atomic norm for the dual-polarized radar, and derive the expressions of DOA estimation. As shown in [23] , the atomic norm theory is more suitable for the off-grid, underdetermined, and structured linear inverse problems based on the convex method. Therefore, we study the off-grid problem in the dual-polarized radar system based on the atomic norm theory.
In this paper, we consider the DOA estimation problem in the dual-polarized radar system. To exploit the target sparsity in the spatial domain, we formulate the DOA estimation problem as a sparse reconstruction problem. Then, we formulate a novel definition of atomic norm, which can be used to describe the sparsity of the dual-polarized signals. Based on the proposed atomic norm, we establish a denoising method for the received signal, but the denoising method is convex and cannot be solved efficiently. Therefore, a semidefinite program (SDP) optimization method is proposed to transform the nonconvex problem into a convex problem using the Schur complement theory, and can then be solved efficiently. Finally, the DOA of the target is estimated by searching the peak values of the polynomial function.
The remainder of this paper is organized as follows. The system model in the dual-polarized radar is formulated in Section 2. A novel definition of atomic norm and a DOA estimation method are given in Section 3. Simulation results are given in Section 4. Finally, Section 5 concludes the paper.
Notations: (·) H denotes the Hermitian transpose. · 1 , · F , and · 2 denote the 1 norm, the Frobenius norm, and the 2 norm, respectively. · * denotes the dual norm. I N denotes an N × N identity matrix. Tr {·} denotes the trace of a matrix. R{a} denotes the real part of complex value a.
Dual-Polarized Radar System
In the array radar system, the dual-polarized signals are transmitted and N antennas receive the echoed signals. As shown in Figure 1 , we denote the horizontally polarized signal as s H (t) and the vertically polarized signal as s V (t). Therefore, with K far-field targets, the received waveform for the horizontally polarized signal in the n-th antenna can be expressed as
where d denotes the distance between adjacent antennas, λ is the wavelength, and w H,n (t) denotes the additive white Gaussian noise (AWGN) in the horizontally polarized antenna. θ k is the DOA of the k-th target, and α H,n is the corresponding scattering coefficient for the horizontally polarized signal. Similarly, the received signal for the vertically polarized signal can be expressed as In this paper, we will estimate the DOA θ k from the received signals r H,n (t) and r V,n (t). In the scenario with a fast moving target, the stationary assumption for the received signals in the antenna array no longer holds, so the traditional super-resolution methods based on the subspace decomposition, such as the MUSIC and ESPRIT methods, cannot be used in scenarios where multiple measurements are needed to obtain the covariance matrix for the stationary signals. Therefore, we consider the DOA estimation problem in the scenario with only one measurement for the polarized signals. For the horizontally polarized signal, we sample the received signals in the antennas and formulate the following vector form:
where T s is the sampling frequency. A denotes the steering matrix A a(θ 0 ), a(θ 1 ), . . . , a(θ K−1 ) , and a(θ) is the steering vector for the receiving antennas a(θ)
. Similarly, the vertically polarized signal in the receiving antennas can be expressed as
Finally, collect all the polarized signals and we can obtain
where S s H , s V and W w H , w V . In this paper, we will estimate the DOA of target θ k from the received signal R using the dual-polarized radar system.
Novel Atomic Norm-Based Method for DOA Estimation
In this section, we will propose a novel atomic norm for the DOA estimation problem in the scenario with dual-polarized array radar. Based on the proposed atomic norm, an efficient method will be given to obtain the DOA using the convex optimization theory.
For the dual-polarized array radar, we formulate the following atomic norm:
Then, with the received signal R, we have the following optimization problem to estimate the echoed signal:
To solve the optimization problem Equation (7), we have the following proposition.
Proposition 1.
With the definition of the atomic norm in Equation (6), the optimization problem in Equation (7) can be rewritten as a dual-optimization problem:
where P Ã is the dual norm of P A .
Proof. The optimization problem in Equation (7) can be rewritten as
s.t. Z = X.
Therefore, we have the Lagrange function of X and Z with the Lagrange parameter P as L(X, Z, P)
where A, B R{Tr(B H A)} denotes the inner product between matrices. Therefore, the dualoptimization problem of Equation (9) can be obtained as
Since we have
the Z minimizers g 1 (P, Z) can be obtained by ∂g 1 (P,Z) ∂Z = 0, so we have Z = R − P. Therefore, we can obtain
With the definition of proposed atomic norm in Equation (6), we can define the dual norm of atomic norm as
Therefore, we can obtain
where I(·) is an indicate function. Finally, the dual optimization problem can be expressed as
s.t. P Ã ≤ µ, and the proposition is proofed.
In Proposition 1, the dual-optimization problem is obtained from the atomic norm minimization (ANM) problem Equation (7), but the dual problem cannot be solved efficiently. We will show that the dual problem can be rewritten as an SDP problem. With the definition of dual norm, the constraint in Proposition 1 can be given as
Hence, if we have sup θ∈[0,2π) P H a(θ) 2 ≤ µ, the constraint P Ã ≤ µ can be satisfied. We have the Schur complement theory as follows:
Therefore, we can formulate a semidefinite positive matrix
so we have W 0 and W − µ −2 PP H 0. For any vector l, we have
When we choose l = a(θ), we can obtain
By letting g 3 (W, θ) ≤ 1, we can finally satisfy the constraint sup θ∈[0,2π) P H a(θ) 2 ≤ µ. We can formulate the matrix W as a Hermitian matrix, satisfying the following condition:
where W q,q+k is the entry of W at the q-th row and q + k-th column. Therefore, we can simplify g 3 (W, θ) as
Therefore, the dual optimization problem in Equation (7) can be rewritten as an SDP problem:
By solving this SDP problem, the denoised signal P can be obtained. Then, the DOA is estimated by the peak search of P H a(θ) 2 .
Simulation Results
In this section, the simulation results for the DOA estimation in dual-polarized radar are given, and the corresponding simulation parameters are given in Table 1 . All the simulation results are obtained with 10 4 Monte Carlo trials. The simulation results are carried out in a personal computer with 16 GB RAM and an Intel i7 CPU. Additionally, we compare the following state-of-art methods for the DOA estimation:
•
With denoising method-this method is realized by calculating the correlation between the received signals and the steering vector to obtain the spatial spectrum, where the spatial spectrum is R H a(θ) (θ ∈ [−60 • , 60 • ]). • Simultaneous orthogonal matching pursuits (SOMP) method [32] -this method is proposed for the sparse reconstruction in the scenario with multiple measurements with lower computational complexity. In the SOMP method, the column of dictionary matrix indicating the corresponding DOA is selected iteratively. • Sparse Bayesian learning (SBL) method [26] -SBL method is the sparse Bayesian learning method and achieves good reconstruction performance in the scenario with correct distribution assumptions for the received signals, noise, and target scattering coefficients. However, the computational complexity of SBL is much higher. Figure 2 , where all the methods can estimate the DOA from the received signals. The spatial spectrum of the proposed method is different from other methods, since we calculate the polynomial values P H a(θ) 2 . As shown in Equation (25), if θ is the DOA of the target, we have P H a(θ) 2 = 1, so we can choose the corresponding DOA with P H a(θ) 2 being 1 from the polynomial values. The DOA with different methods can be obtained from Figure 2 , and the estimated values are given in Table 2 . The DOA estimation performance is measured by the root-mean-squared error (RMSE)
where θ m denotes the target DOA in the m-th Monte Carlo trial, andθ m is the estimated DOA. As shown in Table 2 , the RMSEs of without denoising method, SOMP method, and SBL method are 0.21075, 0.15609, and 0.14631 in degree, respectively. The RMSE of the proposed method is 0.048264 in degree, which is much lower than existing methods. Therefore, the proposed method achieves better performance of DOA estimation. Figure 2 . The spatial spectrum for direction of arrival (DOA) estimation. Additionally, the computational complexity is shown in Table 3 , where we show the computational time for one Monte Carlo trial. The without denoising method has the lowest computational complexity, with the computational time being 0.0475 s; and that of the SOMP method is 0.6570. The SBL method has the highest computational complexity with the computational time being 6.1734 s. The computational time of the proposed method is 2.0176, so the computational complexity is not very high and acceptable. The memory of MATLAB is 1.29 GB when the proposed method is running, 1.29 GB for the SOMP method, and 1.29 GB for the SBL method. Therefore, the memory used in the proposed method is more than the SOMP method, but almost the same as the SBL method. Then, the DOA estimation performance with different SNR in the dual-polarized radar is shown in Figure 3 , where the SNR of received signals is from 0 dB to 40 dB. As shown in this figure, the proposed method achieves the best DOA estimation performance, especially at SNR ≥ 15 dB. When SNR < 15 dB, the proposed method has almost the same performance as the SBL method, and is better than both the SOMP method and the without denoising method. Moreover, the DOA estimation performance with different numbers of antenna is shown in Figure 4 . As shown in this figure, the DOA estimation performance is improved with increasing the number of antennas. When the antenna number is larger than 10, the proposed method achieves the best estimation performance. However, when the number of antennas is less than 10, the DOA estimation performance of the proposed method is the same as that of the SBL method.
Finally, we show the resolution performance in Figure 5 , where the minimum separation is the minimum DOA difference between adjacent targets. As shown in this figure, when the separation is larger than 4 • , all the methods can have better performance of DOA estimation. The performance cannot be further improved when the separation is larger than 4 • . The proposed method has the best estimation performance with different DOA separations, and achieves the lower RMSE floor. 5 10 15 20 25 30 Antenna Number 
RMSE of DOA Estimation (deg)
Without denoising method Proposed method SOMP method SBL method 
Conclusions
In the dual-polarized radar system, the DOA estimation problem has been addressed, and the target sparsity has been exploited to improve the DOA estimation performance. Additionally, the novel atomic norm has been defined in the scenario with dual-polarized signals, so the denoising method has been formulated based on the proposed atomic norm. Then, the convex SDP problem has been derived to solve the DOA estimation problem efficiently. Simulation results show that the better performance of DOA estimation for the dual-polarized signals is obtained with relatively lower computational complexity, compared with the state-of-art methods.
